Conversions of \-terms and combinators

Alexander Lourier

Department of Cryptology and Discrete Mathematics

Moscow Engineering Physics Institute
Kashirskoye Shosse, 31
Moscow, 115409, Russia

aml@rulezz.ru

Abstract

This paper describes architecture of the
compiler from lambda-terms to combina-
tors and combinatorical evalulator, perform-
ing the reverse task. New recursive data
structures were developed for handling syn-
tax tree, allowing various optimization tech-
niques to be applied. Complete imple-
mentation of the algorighms covered in the
paper is available at hitp://www.rulezz.ru/
cl/compiling/ceval.tar.gz. The purpose of the
development is to help in designing of the
new optimizing compilers for applicative pro-
gramming languages. Students of the Com-
puter Science departments should have a tool
to check their knowledge of the combinatory
logics basics and a research tool to auto-
mate some operations like graph reduction
and compilation lambda-terms to the combi-
natory code.
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1 Introduction

Compiler and interpreter share the common data
structures — syntax tree, representing the expression.
Functions to parse expression to the tree and restoring
expression from tree were made for these structures.
For details, look at Section 3.1.

Compilation of the lambda-term to combinatory
representation is described in the Section 3.3. Op-
timization techniques from that section give a great
perfomance boost - look at the Figure 1. As you can
see, the algorithm with optimization gives a better per-
fomance on the long combinators. Execution time be-
comes a polynomial function, rather than exponential
in the not optimized case.

The program offers user an ability to check his
knowledge in the combinatory logic and lambda-
calculus and to use it in their scientific work. The
program can give users tasks, for example to do not
only ‘z, y, 2’ lambda-term compilation (which is bor-
ing for students), but ‘convert’ one english word to
another (if every letter of the words is a variable), for
example:

\void.odd = K (S(KK)(S(S(KS)
(S(S(KS)(S(KK)I))(KI)))(KI)))

This is not only useful, but also interesting for stu-
dents.

2 Theory

As well known, any lambda-term can be represented
as a combinatory term. Process of conversion from
lambda-term representation to combinatory represen-
tation can be automated and it can simplify the work
of a programmer. It is enough to have a very limited
set of combinators (named basis) to compile a lambda-
term of any complexity. For example using only I, K
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Figure 1: Perfomance of the optimized and not optimized algorithms
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and S combinators (for details look at [1]). Further-
more ‘I’ can be represented as ‘SK K, so only S and
K are necessary.

I=)X\x.x
K = )zy.x (1)
S = Azyz.x2(yz)

Here are the rules of conversion of lambda-term

to combinatory form (compiling into (I, K, S)-basis)
(taken from [2]):

Aex =1
Ae.P = KP,ifs ¢ P 2)
Az.PQ = S(Az.P)(\z.Q)

This is an example how to convert void to odd (ev-
ery letter of the word represents a variable):

Mvoid.odd = (Av.(Mo.(Mi.Ad.odd)))

= (Ww.(Xo.(Xi.S(Ad-od)(\d.d))))
= (AW.(Ao.(Mi.S(S(Ad.0)(Ad.d))(N\d.d))))
= (Av.(Ao.(Mi.S(S(Ko)(Ad.d))(Ad.d))))
= (Av.(Ao.(Mi.S(S(Ko0)I)(Ad.d))))
= (A.(Ao.(Mi.S(S(Ko)I)I)))
= (A.(Qo.K(S(S(Ko)I)I)))
= (W.S(A0.K)(Xo.S(S(Ko)I)I))
= (W.S(KK)(Mo.S(S(Ko))I))
= (W.S(KK)(S(Xo.S(S(Ko)I))(Ao.D)))
= (MW.S(KK)(S(S(Xo.S)(Mo. —

— S(Ko)I))(Xo.1)))
= (/\US(KK)( (S(K )'—>

— (Ao.S(Ko)I))(o.1)))

= (A.S(KK)(S(S(KS)(S —

= (A0.5(K0))(ro.1)))(Ao.1)))

— K(S(KK)(S(S(KS)(S(S(KS) —
= (S(KK)I))(KI)))(KI)))

The program can do also the reverse operation —
graph reduction:

Ia = a
Kab = a (3)
Sabe = ac(bc)

This is an example how to reduce the

K(S(KK)(S(S(KS)(S(S(KS)(S(KK)I))(KI)))
(K1I))) combinator. ’>’ is the relation of reduction.
Let’s transfer 4 actual parameters — v, o, i and d:

K(S(KK)(S(S(KS)(S(S(KS)(S(KK)I)) —
s (K1) (KI)))voids>

S(KK)(S(S(KS)(S(S(K
~ (KI)))(KI))oidr>
> KKo(S(S(KS)(S(S(KS)(S(KK)I)) —
— (KI)))(KI)o)id>
> K (S(S(KS)(S(S(KS)(S(KK)I)) —
)

S)(S(KK)D)) =

= (K1)))(KI)o)ide>
S(S(KS)(S(S(KS)(S(KK)))(KI)))(KI)odr
|>S(KS)( (S(KS)(S(KK)D)(KI))o(KIo)d>
> K So(S(S(KS)(S(KK)I))(KI)o)(KIo)dr>
> S(S(S(KS)(S(KK)D))(KI)o)(KIo)dr>
> S(S(KS)(S(KK)I))(KI)od(KIod)>
> S(KS)(S(KK)I)o(KIo)d(K Iod)>

)
> KSo(S(KK)Io)(KIo)d(KIod)>
> S(S(KK)Io)(KIo)d(KIod)r>
> S(K K)Iod(K Iod)(K Iod)>
> KKo(lo)d(KIod)(KIod)r>
> K(Io)d(KIod)(KIod)>
> ITo(KIod)(KIod)r>
> o(KIod)(KIod)r>
> o(Id)(Id)r>
> odd

3 Algorithm
3.1 Syntax analysis

First of all our program parses user input and builids
syntax tree, as shown in Figure 2.

Current pointer of syntax_tree is pointed to the first
token in the line. Than parser scans the line supplied
and looks for letters, points, combinators and other ob-
jects. Once it finds variable or combinator, it creates
new syntax._tree structure with type T_-VARIABLE or
T_OBJECT respectively and attaches it to the end of
list (after the current position). Current position is
shifted to the new created element (see Figure 3). If
program finds an opening bracket, than it searches for
the matching closing bracket and calls itself recursively
for the internal string. If program finds symbol ‘L’
(representing \), it recognizes it as lambda-term begin-
ning and tries to fetch bound variables and to build the
respective syntax_tree structure. Every syntax._tree
structure has a ‘next’ pointer, which in the most cases
represents the order of applications, and pointers d1
and d2, that mean different expressions depending on
the ‘type’: for type=T_BRACKETS, d1 means ex-
pression in the brackets, for type=T_LAMBDA, d1 is
the list of bound variables and d2 is the body of the
lambda-term. As you can see, the only case, when
‘next’ pointer does not mean application is the list of
bound variables in the lambda-term.
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Figure 2: Syntax tree of S(KK)(S(KS)K (Axy.K(zy))K)
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Figure 3: Appending a new combinator to the syntax tree
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3.2 Reduction

Programs checks the first object in the tree — if it is

a known combinator, it tries to fetch an appropriate (Aw.(Xo.(X.S(Ad.od)(Ad.d)))

(A ) =
= (w.(Mo.(Ai.S(S(Ad-0)(Ad.d)) (A

that first of all three arguments for the S combinator
are disconnected from the tree. Then third argument

Ko)I)I)) =
= (MW.S(KK)(A0.S(S(Ko)T)I))
— (Av.S{00000}(S(A0.S(S(K0)I)) —
S

number of arguments to this combinator. If it suc-
ceedes, it creates duplicate subtrees, deletes unused (Av.(do.(Ai.S(S(Ko)(Ad. ))()‘dd)))) -
subtrees and changes next pointers of some objects (Av.(do.(Ai.5(S(Ko)I)(Ad.d)))) =
according to rules (3). For example, how it is done for = (Mv-(d0.(Ni.S(S(Ko)I)]))) =
the S combinator, see Figure 4. There you can see, = (Mv.(d0.K(S(S(Ko)I)I)))
(M.S(Xo.K)(Xo.S(S(Ko
(
(

is duplicated, brackets object is created and finally all

five objects are linked in the new order. y Av?éégog)g})» (: S(S(00.8) >
Then program recursively traverses all braces in the — (Ao.S(Ko)I))(Xo.0))) =
expression and repeats the process for all expressions = (M.5{00000}(S(S(K S)(No.S(Ko)I)) —
in the brackets, for instance: — (Ao.D))) =
= (Av. S{OOOOO}( (S{00001}(S(Xo.S(Ko0)) —
= (Ao.1)))(Ao.0))) =
= (Av.S{00000}(S(S{00001}(S(S(Xro.S)
(Xo.Ko))(ro.I)))(No.T))) =
5(Szyz) > S(@z(y2)) @ _ 5{080000}( (ST00001) (S(S(ES) (Ao Ko)) s
= (Ao.0)))(Ao.0))) =

= (M.S{00000}(S(S{00001}(S(S{00001} —
— (S(Xo.K)(X0.0)))(Ao.0)))(No.0))) =
= (M.S{00000}(S(S{00001}(S(S{00001} —
= (S(KK)(10.0))) (ho.1))) (o.1))) =
= (Av.S{00000}(S(S{00001}(S(S{00001} >
— (5{00000}1))(No.I)))(Ao.0))) =
= (A.5{00000}(S(S{00001}(S{00003} —
_ = (K1)))(Qo.0))) =
3.3 Lambda-term compilation = (A\v.S{00000}(S{00006}(KI))) =
= K (5{00000}{00007})

This process repeats until no reduction can be
made.

First of all, program finds the innermost lambda-
expression, then checks the internal expression and
determines the rule (2) to apply. Then the lambda-  Resulting constant cache after this calculation:
term is replaced by the equivalent combinatory expres-
sion and the process repeats. After all conversions are
made, process goes to the outer level and continues

compilation.
. . . {00000} = KK

Experiments with the program showed, that too big {00001} = KS
expressions (with length of resulting combinators near {00002} = S{00000}I
100000 symbols) are compiled very slowly. To improve {00003} = S{00001}{00002}
perfomance we decided to replace constant combina- {00004} = KI
tors (that will never be changed up to the end of cal- {00005} = S{00003}{00004}
culation) with numeric substitutors. When program {00006} = S{00001}{00005}
encounters completely constant expression, it searches {00007} = S{00006}{00004}
it’s cache to find existing number for this constant. In {00008} = S{00000}{00007}
case it finds required combinator, number is inserted
into expression on the place of the entire constant. If
constant is not found in the cache, it is appended to
the end of cache. This optimization greatly speeds
up the whole process. Example of such calculation is And finally, these constants are inserted to the re-

shown below: sulting combinator:
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Figure 4: Reduction of the S combinator
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K (5{00000}{00007}) =

= K (S(KK){00007}) =
(S{00006}{00004})) =
(5(5{00001}{00005}){00004})) =
(5(5{00001}{00005})(K1))) =
(S(S(KS){00005})(K1))) =

K)
K)
K)
K)

K(S(K
(S(K
(S(K
(S(K
(S(K

—K
K
K
K(S(KK)(S(S(KS)(S{00003} —
— {00004}))(K1))) =
K(S(KK)(S(S(KS)(S(S{00001}
K

K

K

K

— {00002}){00004}))(K1))) =
(S(KK)(S(S(KS)(S(S{00001} s
— {00002})(K1)))(K1))) =
(S(KK)(S(S(KS)(S(S(KS){OOOO2}) o
— (K1)))(KI))) =
(S(KK)(S(S(KS)(S(S(KS) —
— (S{00000}1))(K1)))(KI))) =
(S(KK)(S(S(KS)(S(S(KS)
= (S(KK)I))(KI)))(KI)))

4 Task generation

To test students ability to perform lambda-conversion
and compilation, program can dynamically generate
tasks for them. The program uses dictionary and ran-
domly chooses a word with the quite small length (3 —
4 letters) and searches the word, containing all letters,
that present in the first one. For example:

Apage.peg
Arudy.dry
Atack.act
Abye.eye
Aink.ink

5 Applications

Algorithms implemented in this prorgam can be suc-
cessfully used in educational purposes (to teach and
test students on the subject of combinatory logic), in
scientific ones (as an auxiliary tool to discover vari-
ous properties of combinators and lambda-terms) and
in programing (to perform automatic optimization of
programs, remaining the equivalence to the source
code).

6 Conclusion

In this paper the main principles of building parser,
compiler and interpreter of simple applicative language
were shown. New concept of optimization was put for-
ward. In other works, for example in Bologna Optimal
Higher-order Machine [3] optimization is achieved via
sharing memory between several lambda-expressions,

manipulating with pointers and usage counters. This
approach is junctioned with garbage creation and its
subsequent collection. Method presented in this paper
involves static tables with all frequent constant com-
binatory expressions being enumerated. And they are
inserted to the syntax tree as atoms. It greately im-
proves perfomance of the compiler and interpreter.
This program is available at
http://www.rulezz.ru/cl/compiling/ceval.tar. gz.

7 Appendix

Syntax parser and reduction algorithms were imple-
mented in C language. CGI interface and task gen-
eration were written in Perl. Computer involved for
calculations was Pentium I11-555, 128 Mb RAM.
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